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Abstract
It is well known that every closed orientable three-manifold is given as a three-fold branched
covering space branched over some knot. Then it is an interesting problem that for a given knot family
what kind of manifold can be got as a three-fold irregular branched covering space. K. Murasugi
showed that for a closed three-braid the manifold is a lens space of type (n,1). In this paper, we will
give an another proof and an algorithm to determine n for a given knot. And for a three bridge knot,
we will show that its covering space is a lens space of type (p, q), and give an algorithm to determine
the pair of p, q.
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1. Three-braid knots
K. Murasugi showed the following theorem [1].
Theorem 1. A simple three-fold irregular covering space of S3 branched over a closed
3-braid is a lens space L(n,1) of type (n,1).
Remark. Note that L(0,1) is homeomorphic to S2 × S1, and L(1,1) is homeomorphic
to S3. Simple covering is a branched covering such that all branch index is less than or
equal to 2.
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Fig. 2.
We will give an another proof and an algorithm to determine n for a given knot. Let φ
be a representation φ :π1(S3 \ β) →S3 onto the symmetric group S3 for a closed three-
braid β .
φ :π1(S
3 \ β) →S3
φ(x) = {(1,2), (2,3), (1,3)}= {a, b, c}, where x is a meridian.
According to [2], we can assume that three meridians intervening in a crossing are
endowed with different transpositions.
We will represent the three-braid by σa11 · σa22 · · ·σan−11 · σan2 , where σi (i = 1,2) is a
generator of 2-strand Artin braid group B2 = 〈σ1, σ2 | σ1σ2σ1 = σ2σ1σ2〉 (cf. Fig. 2). We
now modify this closed braid by applying the move of Fig. 1, which do not change the
covering manifold (see [4, p. 318]) and we can assume ai = ±1 for all i . The move in
Fig. 1 is called 3-move.
Now, we will show that this closed braid is (σ1σ2)s or (σ−11 σ
−1
2 )
s
.
First, we consider the case that a2 = 1. Let xi , yi , zi, . . . be meridians illustrated in
Fig. 2.
We can assume φ(x2) = b, φ(x3) = c. Since φ(x1) = φ(x2) = b, φ(y1) = φ(y2) = c
and φ(x1) = φ(y1), we have φ(x1) = φ(y1) = a. And φ(z3) = φ(y3) = a, φ(z3) = φ(z2),
then φ(z2) = b, φ(z1) = c. So a3 must be 1. We perform similar method, we have
a4 = a5 = · · · = an = 1. We now consider a closed braid, so we have a1 = 1. Then this
braid is (σ1σ2)s .
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Fig. 4.
Secondly, we consider the case a2 = −1. In this case, we can perform similar method.
Then this braid is (σ−11 σ
−1
2 )
s
.
Without less of generality, we can assume that this three-braid is (σ−11 σ
−1
2 )
s
. Now we
will prove following lemma.
Lemma 1. If there is a three-fold irregular covering space branched over torus knot T (3, s)
such that transpositions of three meridians meeting at any crossing point are all distinct,
then s = 2n for some integer n and the covering space is a lens space L(n,1).
Proof. By condition of this monodromy, this torus knot has the factor illustrated in
Fig. 3(i).
We now modify this torus knot by applying the move of Fig. 3. Then this torus knot can
be deformed to a split link consisting of a trivial knot and a torus knot T (2, n). (See Fig. 4.)
Moreover every meridians of the same component are mapped by φ to the same element
a, b, or c in S3.
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The two-fold branched covering space branched over a torus knot T (2, n) is homeo-
morphic to a lens space L(n,1) (see [4, p. 303]). Since the above link is a split sum of
a trivial knot and a torus knot T (2, n), the three-fold irregular branched covering space is
homeomorphic to a lens space L(n,1). The proof of lemma is complete. 
This proves the theorem.
2. Three-bridge knots
For a three-bridge knot, Nakamura [3] showed the following theorem in his master
thesis.
Theorem 2. A simple three-fold irregular branched covering space of S3 branched over
a three-bridge knot is a lens space L(p,q) of type (p, q). And for any coprime natural
number p and q , there exists a three-bridge knot such that its branched covering space is
a lens space (p, q).
We will give an another proof and some kind of algorithm to determine p and q for a
given knot.
By the moves in Fig. 5, we can assume that the monodromy of the three-bridge knot is
given in Fig. 6.
Then the covering space is the union of the covering space of the 3-ball which is a trivial
three-string tangle with monodromy a, b, b, shown in Fig. 6. Then the covering space of
this 3-ball is a solid torus. So, the covering space of S3 is a union of two solid tori, that is
a lens space.
For any coprime integer (p, q), the double branched covering space of S3 branched
over a two-bridge knot B(p,q) of type (p, q) is a lens space L(p,q). (See [4, p. 303].)
Now we consider a disjoint union of a two-bridge knot with a trivial knot, with different
Fig. 5.
Fig. 6.
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monodromy, say b is for the two-bridge knot a for the trivial knot. This link is a three-
bridge link. And this covering space is a three-fold branched covering space. And the
covering space is a lens space L(p,q). By applying 3-move at * in Fig. 6, we can get a
three-bridge knot, whose branched covering space is a lens space L(p,q).
Next, for a given three-bridge knot with monodromy, we will give an algorithm
to determine the type of the lens space. M. Takai proved the following theorem [5,
Theorem 5].
Theorem 3. For the six-braid part of the three-bridge knot in Fig. 6, it is generated by the
following elements:
σ1, σ
3
2 , σ3, σ4, σ5, σ
−1
2 σ
−2
3 σ
−1
2 σ1σ2σ
2
3 σ2,
σ−12 σ
−1
3 σ
−2
4 σ
−1
3 σ
−2
2 σ
−1
3 σ
−1
4 σ5σ4σ3σ
2
2 σ3σ
2
4 σ3σ2.
Now, the six-braid part is the product of these elements. In this product, if there
exists σ 32 , we delete this element by the move in Fig. 1. Next, we note the last element
of σ−12 σ
−2
3 σ
−1
2 σ1σ2σ
2
3 σ2 and σ
−1
2 σ
−1
3 σ
−2
4 σ
−1
3 σ
−2
2 σ
−1
3 σ
−1
4 σ5σ4σ3σ
2
2 σ3σ
2
4 σ3σ2 in this
product. If the last element is σ−12 σ
−2
3 σ
−1
2 σ1σ2σ
2
3 σ2, then we will apply the move in Fig. 7.
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If the last element is σ−1σ−1σ−2σ−1σ−2σ−1σ−1σ5σ4σ3σ 2σ3σ 2σ3σ2, then we will apply2 3 4 3 2 3 4 2 4
the move in Fig. 8. Then we can remove the last element of σ−12 σ
−2
3 σ
−1
2 σ1σ2σ
2
3 σ2 and
σ−12 σ
−1
3 σ
−2
4 σ
−1
3 σ
−2
2 σ
−1
3 σ
−1
4 σ5σ4σ3σ
2
2 σ3σ
2
4 σ3σ2.
By the sequence of these moves, finally we can remove these two elements. Now we
can get a three-bridge knot whose six-braid part is generated by the elements σ1, σ3, σ4,
σ5. It is easy show that this link is a split union of a trivial knot with a two-bridge knot
B(p,q). Then its branched covering space is a lens space L(p,q).
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